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A procedure is proposed for approximating solutions of the Cauchy problem in Lagrangian mechanics. The technique is based
on a certain version of Galerkin’s method. It involves transforming the dynamical system to canonical form. The approximation
algorithm is shown to be equivalent to procedures based on variational formulations of the Cauchy problem in Lagrangian
dynamics. A procedure for the approximate construction of a solution of Mathieu’s equation is considered as an example.

1. REDUCTION TO A HAMILTONIAN SYSTEM

The technique proposed in [1] is equivalent to the widely used algorithms for solving Cauchy problems
in holonomic mechanics by using variational principles. Suppose that in a time interval [ty, #,] it is required
to approximate the motion of a holonomic mechanical system with generalized coordinates g, g5, . . . ,
g, and kinetic energy

T(t.q,9)= 7'2(t,q,(])+ Ti(t»qaq)+ Ty(t,q)

where T; (i = 0, 1, 2) are homogeneous functions of the velocities with T, positive definite. Let Q(z, q,
q) € R” be a vector of generalized forces.
In the Cauchy problem one considers the equations of motion

d daT oT
Z 34 o =Q (1)
together with initial conditions
A1) =4a°, datp)=q" (1.2)

Assuming that the functions T(z, q, q), Q(¢, q, q) are sufficiently smooth, we can statc that the
solution q(f) belongs to the Sobolev space H2([ty, t;], R”) (henceforth denoted 51mp1y by H2) of vector-
valued functions that are square mtegrable together with all their derivatives up to and mcludlng the
second order. By (1.2), the space H2 may be replaced by the smaller affine subspace H2, of fl.lIlCthIlS
that satisfy these conditions. The corrcspondmg tangent space (the space of variations) TqH 2, =H2is
the set of all functions 8q € H? that satisfy the initial conditions

3q(ty)=0, dq(t))=0
We can now formulate the Cauchy problem for the system of equations (1.1) as follows. Assume that the
conditions of the uniqueness theorem for (1. 1) hold throughout [to, t,). Then a solution q € H? satlsfy
mg condltlons (1. 2) will be a function q € HZ). The elements of H%, may be expressed as q(t) =q’+
q 1), where q' € H-. If q(¢) is a solution of the Cauchy problem, then, by uniqueness, q(¢) + 3q(f) (8q €

4y will also be a solution if and only if 3q(f) = 0. This condition may be replaced by the integral form
of ’Alembert’s principle as the equation of work in the interval [ty, #;]

(5,84 + (T, + Q. 8a))dr (T 8q)), =0 (vdq & H2) (13)

where (., -) is the scalar product in Euclidean space R".
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Equation (1.3) is interpreted as Hamilton’s principle [2-4]. To apply the techmque proposed
here, we turn to Hamiltonian dynamics, as defined by the variables q, p = Ty. If q € H?, then qe H',
=H ([to, 4], R") Therefore when we change to the vector of canonical varrables z = (q, p)7, we must
take H, = H'([t;, t;], R?") as a functional space of trajectories. The Cauchy problem

a(t)=q° pltg)=p° =T, (1.9°.4°)

reduces H}, to the afﬁne subspace H 7m0 consrstrng of all functions z(t) s such that z(ty) = 2° = (¢, p%)”.
The tangent space to Hb, oatapointze H} 2n,0 18 the linear subspace H?, of functions 8z(f) such that

dz(ty) =
Since
T(1,9,9)={p(%.9,9).q) - K(1,9,p(t,4.9))
it follows that
8T =(T,8q) +(T.8q) = (p(r,9,9),9) - (K, 8q) - (K,,, 5p)
Thus

4 ol
J«a-K,, Spy+(-p-K,+Q, 3q)=di=0 (¥ 8z2=(8q, 8p)" € Har)
L1

Let us retain the notation (-, -) for the scalar product in R, Then Eq. (1.3) may be written in the
equivalent form

1
| (~Jz-K,+F.82)dt =0 (Vozefll,) (1.4)

fo

where Jis a symplectrc matrix in R*, K, = (Kq K, = (P, 0)".

Since z € Hj, it follows thatze L2 = Ly([to, tl]P R ) Thus the first factor in (1.4) is Jz-K, + F e
L,. Next, we know that H, is oontmuously embeddable in L, and dense there. Since H o is dense in
the metric of L, in H3,, it follows that it is also dense in L,. The scalar product of L, is continuous there
with respect to either of its arguments. Equation (1.4) holds for any 8z € L,, and so almost everywhere
in [to, t;] the system of Hamiltonian equations

Ji=-K,+F (L5)

is satisfied.

Moreover, it is obvious from (1.5) that the function on the right is continuous with respect to ¢ € [t,,
t;] (since T and P are assumed to be sufficiently smooth in their arguments). Hence this equation holds
everywhere in [to, 1] for solutions of the Cauchy problem for the Hamiltonian system (1.5). Multiplying
both sides of (1.5) by the symplectic matrix —J, we obtain a system of equations in Cauchy form

z=7(,12) (Z(, ) =JK,(t, 2) + (0, Pz, 2))7) (1.6)

2. THE PROBLEM OF CHOOSING A BASIS

We can now apply the results of [1, 5]. Fixing a natural number m, we will seek a solution of system
(1.6) in the form

Z(t) = Z zk[coskn —1}
- to

and then apply the ideas outlined in [5]. However, the reduction carried out in [1} will enable us to use
the metric of L, in the space of derivativesy = z.
As in [1], we consider the space CA of absolutely continuous functions in {fg, ¢;] with values in R>".
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Now let
D: CA - L, = Ly([tg, 1,1, R?")

be the operator of differentiation with respect to #: (Dz)(f) = z(t). We know [1] that D is surjective,
since the antiderivative of any summable functlon is absolutely continuous. The space CA can be split
into a direct sum CA = R” + CA®, where CA" is the set of all absolutely continuous functions z(?)
such that z(zy) = 0.

We also know [1] that the restrictions

D: CA%~ L,, D:z%+ CA®? > L, (z%R")

are homoeomorphisms. Finally, the Cauchy problem for the differential equation (1.6) may be reduced
to a functional equation y = T(y) in L, (or in L,), where T is the non-linear operator defined by

TN = ZEOYE), OO =22+ | y®dt

0}

Then the required approximation may be written in terms of undetermined coefficients as

m t—
y()= 3 yjsinkn—2

(2.1)

Denoting the corresponding projection operator by P,,, we can derive the system of Galerkin equations
of the form

y=PB,T(y) (yeF,L,, meN)

and moreover the group of 2n equations corresponding to the kth harmonic in (2.1) may be obtained
by substituting the function

Sz=e,sinkn——L (j=1,2,...,2n)
h—lo

into (1.4).
Thus, the procedure considered in [2-4] can be transformed correctly to Hamiltonian form, and only
then should one apply Galerkin’s method.

In fact, the examples of dynamical systems considered in [2—4, 6, 7] are such that the kinematic energy has constant
coefficients, independent of q. In such cases the Legendre transformation becomes a trivial operation, which
eliminates many problems that arise in the implementation of projection algorithms. The basis functions used in
[6, 7] are the Legendre polynomials.

Thus, let us assume that
Ty(t,q,Q) = %(Aq,4), T(1.4.9)=(a,q), To(*.q)=0

The constant quantity 7, maybe omitted. The elements of the positive definite symmetric matrix 4 and
the components of the vector a are constants.

We shall show that application of the projection method for Eq. (1.1) with condition (1.2) is equivalent
to using the projection method for the equation

y=JK,(v)+(O,P(y)", y=(q.p) 2.2)
JK,(y)=(Bp(y)+b,0)", B=A", b=-4""a

P(y)(t) =P(1,q(y)(1), p(Y)(1))

ay)(=q°+ j q(vydr, p(y)n)=p°+ j p(t)dt

) 1
These relations are obtained by using the Legendre transformation p = Aq + a, which yields q =
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A"Y(p - a). The kinetic energy in the Hamiltonian system is given by the formula
K(p)=(p.9)~T(q) = )4(Bp,p) +(b,p)

By virtue of the initial conditions, application of Galerkin’s method to the work equation (1.3) is
equivalent to its application to the system of Lagrange equations.

Let us consider the problem of choosing the basis functions. It turns out that the equivalence of the
Galerkin equations for the Hamiltonian system, on the one hand, and the Lagrangian system, on the
other, hinges on this choice.

In fact, let us first consider the trigonometric functions. The derivative of the phase variable z = (q,
p)’ may be expanded relative to the basis of L, consisting of the functions

{ejsinlm """} (G=12...2m k=12,..) 23)
fH -1,
The antiderivative can then be expanded uniquely in terms of the basis functions
{é,/’ coskmn : - ’to } (i=12,....2n; k=0,1,...) (24)
1~ %o |

Suppose that the system of Galerkin equations (2.2) corresponding to the Cauchy problem for the
canonical equations may be written as

. 2n m . t—1t,
z(t)=Y Y z]-ksmlm €;
j:] k=1 tl "to

In that case a uniform approximation of the solution of system (1.6) is

2n m t—1g
z(t)=X X Zjcoskn e,
j=1 k=0 S )
ty —t
Zy=1"0z, (k=12,..,m)

Tk

tl—to m ij
Zy=z,(t)- 2=y R
yAY j 10 T ook

If the approximations of the coordinates and momenta are considered separately, we have

nom t—1,
q)=3% % Qi coskrn €,

j=1 k=0 tl —to

n m 1t -1
p(t)=3 X Pjcoskn—=-e;

j=1 k=0 h-1{
ij=2jky I)jk= n+j k (j=1129---1n)

where the basis vectors in R” are denoted by the same symbols as those of R™: e;.

On the other hand, following the techniques of [2-4, 6, 7], suppose that the Gaferkin equations have
been set up for the system of Lagrange equations and an approximation has been found for the solution
of the Cauchy problem. In accordance with the preceding discussion, we use the basis (2.4). A direct
check will then verify that the trigonometric functions do not yield a convenient basis for Galerkin
approximation of the solution of the Cauchy problem for the second-order Lagrange equations.

If one uses the trigonometric basis, there may be difficulties in satisfying the initial conditions; secular
terms may also appear when the operator D™ is applied. It should nevertheless be noted that the use
of technique of [1, 5] produces results in terms of the trigonometric basis, provided that the dynamics
of the system are represented in the Hamiltonian formulation (or by the Lagrange equations transformed
in some way to Cauchy form).

It turns out that the equivalence of the techniques of [2-4, 6, 7] and that of the present paper may
be established in terms of bases that use the classical orthogonal polynomials. Let {p(t)}z~o be one
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such system, defined in the interval [-1, 1]. It is convenient to define a transformation of the independent
variable ¢t — 7, say, by the formula

il I

T=-2
LH-1I

_ One approach to the use of Chebyshev polynomials in Galerkin’s method may be found in [5].
Henceforth, in order to avoid the cumbersome notation due to the above transformation, we shall assume
from the start that the dynamxcal system in question 1s defined for t € [-1, 1] and that the initial data
are defined at t = 1: q(1) = ¢°, §(1) = ¢° or q(1) = ¢°, p(1) = p° (for a Hamiltonian system).

3. EQUIVALENCE

Thus, let {@,(¢)}x=o be an orthogonal basis in L,([-1, 1], o), whose elements are square integrable
in Lebesgue’s sense with weight function o(f) = 0. The corresponding Radon measure du;, = ot)dt is
finite if the functions @(¢) are classical orthogonal polynomials. It is known (8] that each of the systems
Yi(?) = Pra1(8), 1(t) = Wi41(®) (k = 0, 1, .. . ) forms an orthogonal basis in the spaces Ly([-1, 1], B),
Lz([—l 1], ), respectively. The weight functlons B(z), v(t) = O for the derivatives may be obtained
using standard rules [8]. Thus, the elements of the space H> will now be functions defined in [-1, 1]
whose second derivatives are square integrable with welght v and their first derivatives are square
integrable with weight B. The functions themselves are square integrable with weight c.

It is clear that the bases are transformed into one another by differentiation. Neither do any problems
arise when applying the operator D!, In fact, suppose we have an approximation of generalized
accelerations

e m e
q(t)= X qx (1)
k=0
Then a uniform approximation of the generalized velocities may be obtained by the formula
m+l
a0 = X @y ()
k=0
'.lk = iik—l (k = 192 m+ l)’ qo [q = 2 qk“’k+] (l)]Wo (l)

Note that the zeroth element of any system of classical orthogonal polynomials is a constant. We can
now derive formulae for the uniform approximation of the generalized coordinates

m+2
q()= I q; 9, (1)
k=0

m+1 i _
Q=0 (k=12,...,m+2), q =[q° —kgo Qk\l’m(l)]\l‘ol ¢))

We now return to the Hamiltonian system and form an orthogonal basis in the space of derivatives
of the phase variables z(t)

(e Ve (), & i} (J=L2,...m ej.e,,;€ R?"; k,1=0,1,...)
We define the finite-dimensional approximation space E,, as the linear span of the basis functions
{e; W, (D), e, (D} (j=12,....,n0 k=0,1,...m+1, 1=0,1,..,m)
Hamilton’s equations (1.6) are
q=Bp+b, p=P(tq,p)
and the corresponding functional notation in the space of derivatives is

q=BD"'p)+b, p=P(, D'q,.D'p) 3.1)
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where the antidifferentiation operator is defined as in (2.2). Galerkin’s system of projection equations
for (3.1) in E,, may be written as

4=BD'p) +b, p=[P(t, D7'q, DY)l (3.2)
where the brackets denote expansion of the vector-valued function P(t, D™'q, D™'p) in terms of the basis
{e1(9} (¢; € R") and omission of all the terms €y, (¢) for I > m. As for the first subsystem of Eqs (3.1),
the operatlons on the right do not lead to functlons outside E,,. In fact, we have E,, = EJ, x Ef,, where
EY, is the linear span of the functions
lewi(t)) (eeR™ k=0,1,.,.m+1)
and E?, that of the functions
{exn)) (eeR™ [=0,1,.,m)
Therefore, if (6 P’ € E,, then pe EZ. Furthermore, by the relation D7'p e EY, aiready proved,
and since B and b are constant matrices, it follows that B(D™ p) +be EL.
On the other hand, the Lagrangian equations (1.1) are
Aq=Q(t,q.9)
whence we obtain the Galerkin system of equations (in the same space E,,)
Aq=[Q(%,q. 9} (33)

where the brackets have the same meaning as before.

Theorem. The solutions
m+2
q(t) = Eo 9P, (1) (34)
of the system of equations (3.3) satisfying the initial conditions
a=q°, a=¢° (3.5)
correspond in one-to-one fashion with the solutions
. m+l - . m -
qn)= ’Eo Qv (1), p()= kgo PeXi (1) (3.6)
of the system of equations (3.2). The correspondence is effected by means of the Legendre transformation.

Proof. One can indeed show that systems (3.2) and (3.3) are equivalent, in the sense that each
transforms into the other within E,,,. Suppose first that a solution (3.4) satisfies system (3.3) with condition
(3.5). In fact, we must consider the combined system of Eqs (3.3) and (3.5).

We shall prove that the functions

. m+1 . m
A1) = X q, W, (1), ()= X Aqp %, (1)
k=0 k=0
satisfy system (3.2). Construct the antiderivatives

1] m+t m+!
D'q)=q" +[ @(d1=q"+ T Q@D - X Qpy1@pn(D
1 k=0 k=0 (3.7)

1] m m .
D'p(r)=p"+ J (e = p’+ 2 ALa¥ia - L AdioVea (D, P’ =4Aq° +a
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Multiply the second relationship in (3.7) by the matrix B = 4™}, and then add the vector b to both sides.
Taking the relationship between b and a (see (2.2)) into account, we have

‘ i .0 m+1 m+l1
(B(D"p)(n)+b=q" ~ Eo Q¥+ kZO Q1 Vi (1)
The function on the right is equal to ¢” at t = 1. By (3.5)
m+l 0
QoD+ El UV =9
For the classical orthogonal polynomials, wo(1) = yg(¢) = const. Therefore

m+l
(BOD"BXO+b= 3 qe Wi (1)

i.e. the first of Eqgs (3.2) holds identically.

We shall now show that the second equation of (3. l) is 1dent1cal to (3.3). Indeed, as A is a constant
matrix, p = A§. By conditions (2.2), the functions Dq(f), D~'p(¢) are identical with q(t), A4(0) + a,
respectively. Therefore, by the definition of the function P(t, q, p) = Q(t, q, Bp + b), the series expansion
of Q(t, q, q) in terms of polynomials {)(¢)}¢=¢ is identical with the same expansion for the function

P(1,D7'q(1), D'p(1)) = P(1,q(¢), Aq(?) +a) =
= Q(,q(t), B(AQ(?) +a) + b) = Q(z,q(1), 4(1)) (3-8)

The same is true for segments of these series. Consequently, the right-hand sides of Eqgs (3.2) (the
second group) and (3.3) are identically equal. Thus the second group of equation in system (3.2) is also
satisfied.

Conversely, suppose that solution (3.6) satisfies system (3.2). Then the functions

m+2

q(t)=D"'q()=q° - z Q1P (1) + 2 Qi (1)

satisfy the lllltlal condition q(1) = q°. Since the ﬁrst group, of equations in (3.2) is satisfied, and the
function D™'p(r) satisfies the initial condition D'p(1) = A¢® + a, it follows that

q() = B(D'p(1))+b = B(A¢" +a)+b=¢°

Thus, all the initial conditions (3.5) are satisfied.

Again by thc Legendre transformation or, what is the same, via the first group of Egs (3.2), we have
Aq + a = D7'p. Hence Aq = p, i.e. the left-hand sides of Eqs (3.2) (the second group) and (3. 3) are
identical. But the same is true of the right-hand sides of these systems of equations, as follows from
the fact that the matrix 4 and vector a are constant and from relationships (3.8). Indeed

Q(t,4,9)=Q(t,D'q, B(D™'p)+ b) =P(t,D"'q,D'p)

Hence the segments of the appropriate series are also identical.

Remark. By the results obtained in [1, 5], this theorem implies the legitimacy of the projection approximations
of the examples in [6, 7], where the basis functions used were indeed classical orthogonal polynomials (shifted
Legendre polynomials).

4. EXAMPLE

To illustrate the technique used in [1] for approximating solutions of the Lagrange equations, let us consider
Mathieu’s equation

g+ @ +€ecosg=0 4.1)
We have a holonomic system with one degree of freedom and Lagrangian

L(t, q,9) =1/2 >~ 1/2 (@? + & cos 1)q? 4.2)
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To fix our ideas, suppose we wish to approximate the solution with initial data g(0) = gy, §(0) = g in the interval
t € [0, T]. Transform to a new argument t € [~1, 1] by the formula

T=-2TY+1 4.3)
We obtain an equation of the form
q” +[Q%+ ncos (at +b)g=0 4.4)

where the prime denotes differentiation with respect to 1, Q = ©7/2, p = £T%/4, a = T/2,b = —T/2. Equation (4.4)
describes a dynamical system with Lagrangian

A, q,q) =172 () - 112 [Q? + p cos (at + b)1q?
The desired solution of the Cauchy problem must satisfy the initial conditions
) =0, ¢V =q | =~T42 45)

Equation (1.3) for (4.4) may be written as
-1
{ [Ay8q + A SqldT-A Bl =0

The technique in question dictates the following procedure. The solution will be approximated using Chebyshev
polynomials of the first and second kinds. Working in the space L, [-1, 1], let us approximate the function ¢4"'(t)
by expanding it with undetermined coefficients in terms of Chebyshev polynomials of the second kind {Uj(t)}x=o
and taking a segment of the series

N
q"()= EO Z U (1) (4.6)

where N is the order of the approximation in the Galerkin scheme. Thus, one can obtain a uniform approximation
of the generalized velocity as a segment of the series expansion in terms of Chebyshev polynomials of the first kind

, N+1
g(M= X nT(v) A7
k=0
where the (N+2)-dimensional coefficient vector y = (yg, 1, . - - , yn+1)" is calculated in terms of the vector z =
(e 21, - - - »2zy)" by the formulae
N
Yo=06-3X G+D7'z;, ye=kTze (k=12...N+1) (438)

i=0

The function ¢’(t) thus constructed satisfies the initial condition at T = 1. The generalized coordinate g(t) is also
approximated uniformly, by using the expansion

N+2
a®= 3w @49)

which is obtained by using standard formulae for the antiderivatives of the polynomials T(t) [9]. When that is
done

N+l y,
xo=40—)’o~>;—l+ .207-2-’—1, X =y _y72 , x2=2_‘_143.
j=0 J° -

_ Y=l ~ Yr+1 YN+1
X, =<8 <KVl k=3,4’_"’N+2 3 =
k 2k ( h XN+2 2AN+2)

Formulae (4.8) were derived by using the standard relation U(t) = (k + 1) T, 4(7). In order to set up Galerkin’s
equations, one must substitute from (4.7) and (4.9) into Eq. (4.4), also carrying out the following additional
operations.

Put A(t) = Q* + J cos(at + b). This function admits of the easily verified expansion [9]

A= T AT (D)
k=0
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Ag = @ + Wy(a)cos b, A, = 2 Wila)cos(b + kn/2) (k = 1,2, . .. ), where Ji(a) are Bessel functions of the first
kind

To complete the derivation of Galerkin’s equations, we expand the function A(t)g(t) first in terms of the
polynomials 7;(7) and then in terms of Uy(t). In so doing we use the well-known property

T (DT, (1) = (T p () + Ty (1)) /2 (4.10)

which holds for arbitrary integers m and n (bearing in mind that T_,(t) = T,(t)).
Let us introduce the following notation for the segment of the Chebyshev series consisting of the first N + 3
terms

N+2
[A(TD)g(Dy42 = kZOYka(t) - (411)
where, by (4.10)
Yoz A 1N+2A
= +— X :
0 0*o 2j§0 jXj

1] & N+2 N+2
L=—| X Ajxi+ 3 Aix;+ X Ajgx; | (k=12,...,N+2)
2 j=0 j=k Jj=0
Expressing the polynomials of the first kind in (4.11) in terms of those of the second kind, via the standard formula
T () =(Up (1) - Up_2(1))/2

and retaining the first N + 1 terms of the expansion, we obtain

N
A = ZU,
[[A()q(D) N2y Z 20 (4.12)

Zo=YgYo2, Zy= Y~V D2 (k=12,.,N)

Finally, the Galerkin system will consist of N + 1 algebraic equations in the N + 1 undetermined components
of the vector z

z+Z(z) =0 (ze RV, Z:RM! — RN+]) (4.13)
The vector-valued function Z(z) is determined by the components of the expansion (4.12). In the present example
the system of equations (4.13) is linear in z. In the general case, however, it is desirable to have an initial approxi-
mation for the solution of Eqs (4.13). When ¢ is small, the number p will not be too large for moderate values of
T. It turns out that in actual computations T may be quite large. It is only important to ensure that the norm of
the derivative of the finite-dimensional operator Z(z) should be less than umt¥ One can then use Newton’s method
to find the solution of Eq. (4.13), taking as the initial approximation z° € R¥*! the coefficients of a segment of the

expansion of the function (g°)"(t) in terms of the polynomials Uy(t), where g%(t) is the solution of the unperturbed
linear problem

g +Q%q=0 4.14)
with the same initial conditions (4.5). The solution of this equation is
4°(%) = goeos QT + g ;Q‘lsinﬂ‘l:
Therefore

@y ®= £ aTi(m= £ DU, G0=a0/o(@

okt =2(-DF1gQ7 1 1(Q), Gop =2(-1)k gy (Q) (k=1,2,..)

We can now compute the vector of the initial approximation for the solution of system (4.13) as

28=60-62/2, 20 =(6k~Gks2)/2 (k=12,....N)
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